The out-of-plane stability of tapered cross-sectioned thin curved beams under uniformly distributed radial loading is investigated by using the Finite Element Method. Solutions referred to as Bolotin's approach are investigated for the dynamic stability analysis and the first unstable regions are examined. Out-of-plane vibrations and out-plane buckling analyses are also considered. In addition, the results obtained in this study are compared with the results of other investigators in existing literature for the fundamental frequency and critical lateral buckling load. The effects of subtended angle, variations of cross-section and dynamic load parameter on the stability regions are shown in graphics Key words: dynamic stability, finite elements, buckling, curved beam, vibration. §1. Introduction. Curved beams are used in high technology applications especially in turbine blades, bridges and outer space industry and this has made elastic instability a problem of great importance. The problems, which are examined in this branch of elasticity, are related to those in the theory of vibrations and the stability of elastic systems. The dynamic stability of mechanical systems according to Bolotin's definition [4] , represents a specific stability of motion. When Bolotin's approach [4] examined, three stages, static stability (buckling analysis), vibration analysis and dynamic stability analysis, are seen to be included in the equation of dynamic stability. Therefore, these three stages are studied in this paper. Some of the research studies on the dynamic and static stabilities of structures that have been carried out by other investigators can be summarized as follows:
for various boundary conditions. Belek [3] studied the vibration characteristics of a symmetrical cross section curved packet. The effect of disc curvature on the frequencies of vibration was investigated and was shown that the vibration characteristics of a multi-bladed packet can be predicted from the in-plane and out-of-plane inference diagrams of a symmetric cross section two bladed curved packet. Sabuncu [18] investigated the vibration analysis of thin curved beams. He used several types of shape functions to develop different curved beam finite elements and pointed out the effect of displacement functions on the natural frequencies by comparing the results. Silva and Urgueira [19] studied the dynamic stiffness matrices for the out-of-plane vibration of curved beams using the Lagrange's equations and the dynamic equilibrium equations, respectively, and then solved for the natural frequencies. Kang et al [7] discussed computation of the eigenvalues of the equations of motion governing the free in plane vibration including extensibility of the arch axis and the coupled out-ofplane twist-bending vibrations of circular arches using Differential Quadrature methods (DQM). Kawakami et al [8] derived the characteristic equation by applying the discrete Green functions and using the numerical integration to obtain the eigenvalues for both the in-plane and out-of-plane free vibrations of the non-uniform curved beams, where the formulation is much complicated than that of the classical approaches. Yıldırım [26] performed the in-plane and out-plane free vibration analysis with the program developed using the transfer matrix method of a double-side symmetric and elastic curved beam. Huang et al [6] investigated a systematic method for analyzing the out-of-plane dynamic behaviours of noncircular curved beams the governing equations of which take into account the effects of shear deformation, rotary inertia and viscous damping. Wang and Sang [23] derived an analytic method of examining the out-of-plane vibration of continuous curved beams on periodical supports. Lee and Chao [10, 11] examined out-plane vibration of curved beams with a non-uniform cross-section for constant angle and two physical parameters are introduced to simplify the analysis, and the explicit relations between the torsional displacement, its derivative and the flexural displacement were derived. Wu and Chiang [24] investigated the natural frequencies and mode shapes for the radial bending vibrations of uniform circular arches by means of curved beam elements. In this study, the standard techniques were used to determine the natural frequencies and mode shapes for the curved beam with various boundary conditions and subtended angles. An improved shear deformable thin-walled curved beam theory to overcome the drawback of currently available beam theories was newly proposed for the spatially coupled free vibration and elastic analysis by Kim and Kim [9] . The governing differential equations for the free in-plane vibration of uniform and nonuniform curved beams with variable curvatures, including the effects of the axis extensibility, shear deformation and the rotary inertia, were derived using the extended-Hamilton principle by Yang et al [25] .
Thomas and Abbas [20] examined dynamic stability of an axial periodic loaded Timoshenko beam using the finite element method and Bolotin's approach [4] . In this study the effect of shear deformation and rotary inertia on the static buckling loads and the regions of dynamic instability were studied. Nair et al [12] investigated the dynamic stability of a curved rail under a constant moving load using a linear theory. Fukuchi and Tanaka [5] studied a characteristic analysis on quasi-periodic and chaotic behavior of a circular arch under follower forces with small disturbances. In this study, the stability region chart of the disturbed equilibrium in an excitation field was calculated numerically. Ozturk, et al [14] have investigated in-plane stability analysis of non-uniform cross-sectioned thin curved beams under uniformly distributed dynamic loads by using the Finite Element Method. In this study, two different finite element models, representing variations of cross-section, were developed by using simple strain functions in the analysis. This paper presents the out-of-plane stability analysis of tapered cross-sectioned thin curved beams under uniformly distributed radial loading by using the Finite Element Method. Solutions referred to as Bolotin's approach are investigated for the dynamic stability analysis and the first unstable regions are examined. Since natural frequency and buckling load effect the determination of stability regions, the out-of-plane vibration and lateral buckling analyses are also studied. In addition the results obtained from this study are compared with the results of other investigators in existing literature for the fundamental frequency and critical lateral buckling load. The effects of subtended angle, variations of crosssection and dynamic load parameter on the stability regions are shown in graphics. §2. Models of Curved Beams.
The model shown in Fig. 1is The boundary conditions and applied loading on a curved beam are shown in Fig. 3 . The periodic uniformly distributed dynamic load is
where ω is the disturbing frequency, the static and time dependent components of the load can be represented as a fraction of the fundamental static buckling load cr P ,
The displacement functions of the curved beam were defined as [3] ; . yR φ = (2.4) Generalize coordinate vector of an element is obtained by Using Eqs. (2) and (3) [13] and given in Table 1 . Throughout this investigation, 12 elements are used in modelling the beams. In addition, the critical lateral buckling load of a uniform cross-section beam for various subtended angles are compared with the results of Timoshenko and Gere [21] and given in Table 2 .
As seen from Table 1 and Table 2 , the agreement between the results obtained by using the present finite element model and exact solution is good. Fig. 4 shows that the effect of variation of subtended angle of an arch on the fundamental frequency for various cross-sections. It can be noticed from the figure that when the subtended angle of an arch increases, the fundamental frequency decreases for all the cross-sections as expected. It can also be noticed that the frequency parameters of C2, C3 and C1, C4 cross-sectioned curved beams are fairly close. Between 30° and 60° subtended a n gles, the fundamental frequency of C5 cross-sectioned curved beams are more apart than the fundamental frequencies of other type cross-sectioned curved beams.
When the subtended angle of an arch increases, the fundamental frequency of curved beams having the same length but five different crosssections come closer. This phenomenon can be explained as follows: when the subtended angle of an arch increases, the length of curved beams also increases, consequently beams become very flexible. The length variation effect on the flexibility is more dominant than the effect of variation of cross-section.
As shown in Fig. 5 , if the variation of the cross-section diminishes and approaches the uniform crosssection, the fundamental frequencies of C4 and C5 cross-sectioned curved beams increase and approach the frequency parameter of C1 crosssectioned curved beam. On the other hand, the fundamental frequencies of C2 and C3 cross-sectioned curved beams decrease and approach the fundamental frequency of the C1 cross-sectioned curved beam. Effect of subtended angle of curvature on the critical lateral buckling load is shown in Figure 6 . When the subtended angle of an arch increases, as a result the curved beam becomes more flexible. Thus, as shown in the figure, the critical lateral buckling load decreases. It can be noticed from the figure that critical lateral buckling load values of beams having C1, C2 and C4 type crosssections are close to each other. There is a similar phenomenon between C3 and C5 type cross-sectioned curved beams. Critical buckling loads of single tapered curved beams (C2 and C4) are higher than the double tapered curved beams (C3 and C5), respectively, as expected. It can also be noticed that even though the thickness of C4 tapers twice as much as C2 and the thickness and width of C5 tapers twice as much as C3 type beams. It seems that symmetric tapered beams are more stable than expected. Fig. 7 shows the effect of thickness variation of a curved beam on the critical lateral buckling load for various cross-sections. It is seen that when the variation of cross-section diminishes and approaches the uniform cross-section, the curved beam becomes stiffer; as a result, the critical buckling load increases and takes the value of the uniform cross-sectioned curved beam. From this figure, it can be said that static stability values of curved beams having C5, C3, C4 and C2 type cross-sections increase, respectively. This increase decreases as the cross-section variation diminishes.
From Fig. 8 , it can be noticed that the first dynamic instability region widens because of the decrease in the subtended angle of the arch. C3 cross-sectioned curved beam is less stable compared to other cross-sections. In addition, when the dynamic load parameter increases, the unstable region widens. Comparison of Fig. 8 and Fig 9 shows that, if the static load parameter increases, the initial ratio of the disturbing frequency to the fundamental frequency moves towards origin. It can be seen from the figures that the curved beam under periodic loading becomes unstable at a small disturbing frequency and small dynamic load parameter. Figs. 10 and 11 show that when b 1 /b 2 and t 1 /t 2 ratios approach unity for 0 and α = 0,2, α = the first unstable region approaches the region of C1 cross-sectioned curved beam. For both figures, the order of the unstable regions of all cross-sections does not change from the stability point of view. (O C2 and * C4), bR/bt = tR/tt = 0.8 (Δ C3 and ◊ C5). §4. Conclusions. This paper presents the dynamic and static stability of non-uniform cross-sectioned curved beams. The finite element method has been employed in the analysis. The effects of subtended angle, variations of cross-section and dynamic load parameter on the out-plane stability regions are examined. When the subtended angle of an arch increases the static stability (buckling) decreases and dynamic instability region widens but the initial ratio of the disturbing frequency to the fundamental frequency moves up from the origin. If the static load parameter is equal to 0.2, initial disturbing frequency moves towards origin. However, the dynamic load parameter is bounded between the values of zero and 1.6. Consequently, by changing the static and dynamic load parameters and the ratios of dimensions of thickness and width at the tip cross-section to the ones at the root cross-section, the out-plane dynamic stability of curved beam may be conserved. РЕЗЮМЕ. За допомогою методу скінчених елементів проаналізовано бокову стійкість ви-кривленої звуженої у кінці тонкої балки при однорідно розподіленому радіальному навантаженні. Розв'язки у вигляді наближення Болотіна досліджені в рамках аналізу динамічної стійкості. Також вивчені бокові коливання і бокове випучення балки. Отримані результати щодо основної частоти та критичного навантаження при боковому випученні порівняні з іншими опублікованими результата-ми. На рисунках показано вплив утвореного дугою кута зміни поперечного перерізу та параметру динамічного навантаження на область стійкості. 
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